950 ATAA JOURNAL

where cosece is the ratio of d to the difference in the moon and
spacecraft radii (see Fig. 4).

From Egs. (6, 7 and 10) it can be shown that contours of
constant ¥V, in a (d, ¢) coordinate system are circles, with
center (u coty/(V 2 — Vi), 0) and radius

p[{ (V2= V. tany} 2+ [2(V 2 — V.2V, 2sin2y} 1 +
{2V, siny} —4]1/2

Examples of these circles for v = 20°, 40° and 90° are
shown in scale with the moon in Fig.4. The ‘““dashed” circular
arcs intersecting the constant ¥, ¢ircles, are the boundary of
the moon impact region. Thus, the regions with V, greater
than a fixed value are crescent-shaped. The shading on the
moon indicates its velocity with respect to the spacecaft. The
moon’s direction is indicated by it being shaded as if it were
traveling away from the sun; and the fraction of disc shaded
gives the speed as a fraction of 2V .

For the high velocity producing orbits, the spacecraft has to
be directed towards a small region just behind the moon with
v ~ 40°. For v ~ 20° the escape region (i.e., V; > V) be-
comes large; in Fig. 4 it is shown to be a region of over 10,000
km in diameter.

The “head on” conditions when vy = 90°, permits good
direction control, but the extent of the escape region is small.
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Stability of a Model Reference
Control System

D. J. G. JamEs*
Lanchester Polytechnic, Rugby, England

Introduction

N a recent paper Lindh and Likins! compared the so-called
infinite determinant method and a numerical implementa-
tion of Floquet theory for obtaining the regions of the param-
eter space corresponding to stability and instability of the
null solution of a restricted class of linear, periodic coefficients,
ordinary homogeneous differential equations. In this Note
these methods will be applied to examine the stability of a
model reference adaptive control system having sinusoidal
input.

In recent years model reference adaptive control systems
have proved very popular, particularly for practical applica-
tions to devices such as auto-pilots where rapid adaptation is
required. The basic idea is shown in Fig. 1. The input
0:(t) to the system is also fed to a reference model, the output
of which is proportional to the desired response; the outputs
- of the model and system are then differenced to form an
error

et) = 0,(t) — 6,@t) 1)
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Since the error is to be zero when the system is in the optimum
state it is used as a demand signal for the adaptive loops which
adjusts the variable parameters in the system to the desired
value.

Various methods of synthesizing the adaptive loops have
been proposed but the one that has proved most popular was
that developed by Whittaker et al.2 at the Massachusetts
Institute of Technology and referred to as the “M.LT.” rule.
Here the performance criterion is taken as the integral of
error squared and a heuristic argument is given for reducing
this over an unspecified period of time. This leads to a rule
that a particular parameter K; should be adjusted so that

K; = —@e(de/dK,) 2)

where G is the constant gain.

Although the “M.I.T.” rule results in practically realizable
systems, mathematical analysis of the adaptive loops, even
for simple inputs, prove to be very difficult and it is usual in
the design process to carry out much analogue computer
simulation. The system equations are nonlinear and non-
autonomous and since the nonlinearity is of the multiplicative
kind, the mass of theory on instantaneous nonlinearities
associated with the names of Lure and Popov, in particular,
is not applicable. In order to point out some of the difficul-
ties we shall consider a simple first-order system having si-
nusoidal input.

Adaptive Control System

Since the intention, as previously mentioned, is to point
out the difficulties involved in a stability investigation of a
model reference adaptive control system, a simple first-
order system with controllable gain will be considered.

Consider a model and system to be governed respectively
by the equations

T.(t) + 0(t) = K6:(t) (3a)
T6,(t) + 6,(t) = K.K0:(t) (3b)

where a dot denotes differentiation with respect to time ¢; the
time constant T and model gain K are constant and known,
but the process gain K, is unknown and possibly time varying.
The problem here is to determine a suitable adaptive loop
to control K, so that K,K. eventually equals the model gain
K. The “M.I.T.” rule gives

K, = —Ge(de/dK.) = Beb,, 4)

where B = GK,/K, and this leads to the scheme of Fig. 2.

If a sinusoidal input of magnitude R sinwt is applied at
t = 0, when 0.(), 68,(¢) are zero and K,K. # K and if subse-
quently K, remains constant but K. is adjusted according
to Eq. (4), then using Eqgs. (1, 3 and 4) the system equations
become

Teét) + et) = (K — K.K)R sinwt (5a)
K. = Be(t)8.(1) (5b)

Now consider that the adaption is switched on when the
model response 8.,,(f) has reached its steady-state value 8,..(f)
given by

Ome(t) = [KR/(1 + T?w?)|(sinwt — Tw coswt)
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Fig. 1 Model reference adaptive control system.
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then Eqs. (5) become } LT Oty
Té(t) + e(t) = «(f) sinwt (62) :
#(t) = —[K.BKR/(1 + T?w)](sinwt — T coswt)e(t) (6b) Fig. 2 First-order sys- O @<pq
tem—M.IL.T. gain adap~
where 2(t) = K — K,K.. tion. % Ke | om
Introducing the dimensionless parameters II; = o7, II, = * T
TR?KK.B and the dimensionless variables 7 = wt, & =

¢/KR, & = —z/K, Eqgs. (6) may be written in the nondimen-
sional form

daf&am] _
dr [52(7')] h
1
T —I% sinr || &(7)
. ™)
ﬁ:a—::Tl"’) (sin-r - Hl COST) 0 EQ(T)

which is a linear matrix differential equation of the form
& = A(7)€ with A(7) periodic in 7 with period 211 (a prime
denotes differentiation with respect to 7).

Stability Theory

We are interested in finding the domains of the parameter
space for which the null solution of the system of first-order
equations

x(1) = A@x() 8
AG+T) =A@ 9

is stable, where x(¢) is an n vector and A(f) an » X n matrix
of period T in ¢. This problem was discussed in some detail
in Ref. 1 and we shall confine ourselves here to a brief sum-
mary.

One approach is a numerical implementation of Floquet
theory. TFrom Floquet theory it can be shown that for system
(8), subject to condition (9), there exists a constant n X =
matrix C, known as the monodromy matrix of the system,
such that

x(t + T) = Cx(¢) (10)

Using a Liapunov type transformation it then follows that
a necessary and sufficient condition for the null solution of
the system to be uniformly asymptotically stable is that all
the eigenvalues of the monodromy matrix C lie within the
unit circle [z] < 1. If the eigenvalues of the monodromy
matrix lie in the circle |2| < 1 and the eigenvalues on |2| = 1
correspond to unidimensional Jordan cells, then the null solu-
tion is uniformly stable.?

In practice the monodromy matrix C is obtained by in-
tegrating Eqs. (8) numerically over a period.*® {A check
on the value of C may be employed since detC = expf,”
traceA(t)dt.] This is followed by a numerical evaluation
of its eigenvalues thus giving an assessment of stability or in-
stability. However, if one is only interested in the question
of stability, the last step may be dispensed with. Instead the
characteristic polynomial of C may be obtained using the
Faddeeva® algorithm followed by a stability assessment using
the determinant method of Jury.” This procedure has been
used satisfactorily by the authort and since it involves only
matrix multiplication and the evaluation of second-order
determinants it gives a considerable saving in computational
time over direct evaluation of the eigenvalues.

An alternative method of obtaining the transition bound-
aries, between stable and unstable regions in parameter space,
is the so-called infinite determinant method. This method
isrestrictive in its use since it requires the form of the solutions
on the transition boundaries to be known. Assuming the
continuous dependence of stability on parameter values it
follows that on any transition boundary there exists an eigen-
value \; of the monodromy matrix such that its modulus is

Ke [B]-_eCniv
S

unity. Thus on the transition boundaries there must exist?
an almost periodic solution of the form

xi(l) = /@ Tp,(y) (11)

where p;(f) is a periodic n vector with period T (note that in
general such solutions may exist within stable or unstable
regions but not within regions of uniform asymptotic sta-
bility). If the monodromy matrix of the system is symplectic
then its characteristic equation is reciprocal, and the form
of the solutions on the transition boundaries for such systems
is discussed in detail in Ref. (1).

For certain systems (e.g., uncoupled canonical systems) it
can be shown that the transition boundaries are characterized
by the existence of solutions of Period T or a restricted class
of functions of period 27. The procedure then is to assume
Fourier series developments with undetermined coefficients,
for these solutions; these solutions are then substituted into
the system equations and the principle of harmonic balance
employed to obtain an infinite system of simultaneous, linear,
homogeneous algebraic equations for the coefficients. For
those values of the parameters which admit the assumed
periodic solutions the homogeneous algebraic equations must
have a nontrivial solution and this is the ecase only if the in-
finite determinant (Hill determinant) of the coefficients is
zero. In practice the Fourier series is truncated and the
corresponding Hill determinant solved to give lines in param-
eter space. If the truncation point of the Fourier series
is extended and the zeros of the corresponding Hill deter-
minants of increasing order converge to some limit set of lines
then the infinite determinant procedure is said to be con-
vergent, the convergent set of lines in parameter space being
the required transition boundary between stable and unstable
regions.

Application of Theory to Adaptive Control System

Applying the numerical implementation of Floquet theory
to system (7) stability boundaries in the parameter space
II, — II, were obtained. These stability boundaries are
shown in Fig. 3 and in the main they have been verified by
analogue computer simulation.

Although system (7) is not canonical it can be shown that
the only solution corresponding to transition boundaries
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Fig. 3 Stability regions in parameter space.
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from stable to unstable regions are those of period T and
2T (2r and 47 in this case). The monodromy matrix C of
Eq. (7) is such that

detC = exp§f021r traceA(r)d*r% = exp{—2x/1}

so that if A\;, A. are the eigenvalues of C then
M = exp{—2x/II;} = p? (say) (12)

If A1, A2 are complex conjugates then it follows from Eq. (12)
that they lie on a circle of radius p so that complex roots
cannot have modulii unity since this would imply p = 1
which is only possible if II; is infinite. Thus on the transi-
tion boundary there must exist a real root having the value
of 41 or —1 (note that real roots A\, A, are inverse points with
respect to the circle of radius p). It follows from Eq. (11)
that the transition boundary is characterized by a solution of
period T or 27.

On substituting a Fourier series, with undetermined
coeflicients, of period 47 in Egs. (7) and balancing like terms,
it can be shown, by induction, that the corresponding Hill
determinants are sums of squares and therefore cannot be
zero for any values of the parameters. This has been verified
by analogue computer simulation and by the results of the
Floquet theory analysis.

In the case of the harmonic solution, of period 27, substi-
tuting the Fourier series

£ = ao+ Y, (@, cosnt + b, sinnt)

n=1

into HEqs. (7) [the corresponding series for £ being obtained
by the second equation of (7)] and balancing the terms leads

- to two distinct sets of linear homogeneous algebraic equations
for the coefficients (@on,ban), (@2ni1,bongr), (n = 0,12 ete.),
respectively. The corresponding Hill determinants of order
r, in each case, are polynomials of order r in Il, having co-
efficients which are functions of II,. For a particular r these
polynomials are solved for a range of values of IT; and the
zeros plotted to obtain the transition boundary in the param-
eter space. The value of r is then increased and the corre-
sponding Hill determinants solved until a convergent set of
boundaries are obtained. It is found that for II; > 1.5,
where the enveloping boundary is continuous, consideration
of fifth order Hill determinants is sufficient but for IT; < 1.5
where the enveloping boundary is discontinuous, the method
is not found to be very satisfactory. Hill determinants of
order eleven have to be considered before a true picture be-
gins to emerge and the order has to be increased still further
before an enveloping boundary is obtained to a satisfactory
degree of accuracy. For this problem the region II; < 1.5
is important since it is the most likely range of applica-
tion in practice.

Conclusions

In this Note the stability regions in nondimensional space
have been obtained for a first-order controllable gain model
reference adaptive control system, and the results illustrate
the complexity of the question of stability when dealing with
such systems.

Both a numerical implementation of Floquet analysis and
the infinite determinant method of analyzing linear differ-
ential equations with periodic coefficients have been em-
ployed. The infinite determinant approach was not found
to be very satisfactory in the region of parameter space where
the stability boundaries are complex in nature. Since, when
dealing with linear differential equations with periodic co-
efficients, complex stability boundaries frequently occur, it
throws some doubt on the performance of the method in
general. Although the Floquet analysis involved investi-
gating the eigenvalues of the monodromy matrix at a net-
work of points in parameter space the results obtained were
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far more satisfactory, and for the particular problem con-
sidered the computation time was less. For higher order
systems the use of the Faddeev algorithm and the Jury pro-
cedure would further reduce computational time when using
the Floquet approach.
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Some Considerations of a Simplified
Velocity Spectrum Relation for
Isotropic Turbulence

Ricuarp L. ScHAPKER*
Avco Everett Research Laboratory, Everett, Mass.

HE “three-dimensional” velocity spectrum function,
E(k), defined such that

%aﬂ - fo ® Be)dk )

(%t = rms velocity fluctuation level, ¥ = wave number), is of
interest in both theoretical and practical studies of turbu-
lence phenomena. A simple form for E(k) was proposed by
von Kédrmén?

kEk) /0% < (B/k)A L + (k/k.)2] 176 @

(k. = energy-containing wave number, as an “interpolation”
formula joining the range k ~ 0(E(k) « k*) to the inertial
subrange, wherein E(k) « k=53 for k > k. in Eq. (2).

At high-wave numbers, of the order of the Kolmogoroff
wave number kx = Lx~, where

LK — l(Vs/q)) 1/4 (3)

the spectrum function is “cut-off” by viscous effects. The
inadequacy of Eq. (2) for this wave number range is reflected
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